®M,ﬁ95ﬁ% &nem;c@

/024 37¢
AlQF4F W



Part A

1. A company produces light bulbs. Let Y be a random variable that takes on the value
1 if a light bulb breaks within a year of being produced, and 0 otherwise.

Let the
probability that the light bulb breaks within a year be p. Let Y;,... Y, beii.d. draws
from this distribution.

(a) Derive the mean and variance of the sample average Y = 237" | V], as a function
of p and n alone.
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(b) Explain if anything else can be said about the distribution of [10%]

Y —E(Y)

[var(Y)]1/2

when n is large.
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(¢) Suppose you buy n = 100 light bulbs from this company. If p = 0.2, how likely is
it that the number of lightbulbs that no longer work after one year is between 15
and 25 (inclusive)? [Hint: you may use the result from part (b) to simplify your
calculations.] [50%]
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2. The mean squared forecast error (MSFE) of a variable Y;,;, using the predictor X, is
defined as MSFE(X;) = E(Y;;1 — X¢)?. Suppose that the only information available in
period t is Y; itself (i.e. Y;_1,Y; o, ... are not observed).

(a) What is the MSFE-minimising forecast of Y;,, using the information available in
period 7 Provide an explanation (it is not sufficient to merely state an answer).
[50%]
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(b) Under what conditions is the MSFE-minimising forecast in part (a) equal to a
constant plus ¥;? Give an example of such a variable. [50%)]
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3. You have data on wages (W;; in £/hr), years of experience (X;), and the area in which
an individual lives, which is classified as either a city, a town, or a rural area. Define
C; to be the dummy variable that takes the value 1 if individual 7 lives in a city, and 0
otherwise; analogously define T; and R; for towns and rural areas respectively. Consider
the following two regression models

W, = ,4‘3’0 + ﬁxX,' + Lf('C, + STT,' + Uu; (1)
Wi = +vxXi +7cCi + vrRi + v (2)
where E[Ui | X,, C,‘, T‘,] =0 and E[Ui Xl Cl', R,] = 0.
(a) Suppose you estimate both (1) and (2) by ordinary least squares (OLS). [50%]

(i) Show that the sample covariance between the OLS residuals 4; (obtained from
model (1)) and R; is zero.

(ii) Derive the relationship between the estimates (ﬁx, 3(7, BT) and (x,9c, YR)-

[Hint: use the fact that an OLS regression uniquely decomposes the dependent
variable into a linear function of the regressors, and a residual that has zero sample
mean and zero sample covariance with each of the regressors.|
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(ii) Derive the relationship between the estimates (A;’y 3(;, 31) and (9x,9c,Yr)
[Hint:

use the fact that an OLS regression uniquely decomposes the dependent

ariable into a linear function of the regressors, and a residual that has zero sample
mean and zero sample covariance with each of the regressors.|
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(b) Explain how you could use this data to test the hypothesis that the return to
experience (the effect of X on W) is the same in cities, towns and rural areas. [50%]
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Part B

4. Suppose you work in the Human Resources department of a large company, which
employs 1,000 call centre employees. About two years ago, the company offered an
on-the-job training programme to all 1,000 call centre employees. 100 employees chose
to participate in the training, while the remaining 900 chose not to.

(a) Your records indicate that the employees who participated in the training now earn
£3,800 per month (on average) with a sample standard deviation of 750, while the
employees who did not participate earn £3,200 per month with a sample standard
deviation of 750. Test whether the mean earnings of the trained employees are
different from the mean earnings of the untrained employees at the 5% level. Clearly
state any assumptions and results that your test relies on. [20%]
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(b) After performing the calculations in part (a), you start to wonder whether the
difference in average earnings between the two groups can be interpreted as the
causal effect of the training programme on earnings. Explain how the difference
in average earnings can be decomposed into a causal effect and a selection bias
term. Why might selection bias be a problem in the present setting? In what
circumstances is the selection bias likely to be small? (15%]

Explain how the difference
in average earnings can be decomposed into a causal effect and a selection bias
term.
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Why might selection bias be a problem in the present setting? In what
circumstances is the selection bias likely to be small?
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(c¢) Explain how a randomised controlled trial (RCT) can help you overcome the selec-
tion problem. [10%)
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(d) To conduct such a trial, you choose N = 200 call centre employees who recently
joined the company. You randomly allocate ny = 50 employees to a treatment group
and ne = 150 employees to a control group. All employees in the treatment group
receive the training, while all employees in the control group do not. Two years
later, treated employees earn £3,625 per month with a sample standard deviation
of 750, while employees in the control group earn £3,400 with a sample standard
deviation of £750. Can you now conclude that, as a result of the training, the
employees have significantly different earnings at the 5% level? [5%)]
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(e) Can you use the results from part (d) to estimate the causal effect that appears in
the decomposition referred to in part (b)? Explain. [10%]
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(f) Imagine that you had instead allocated ny = 80 employees to the treatment group
and nc = 120 employees to the control group, and that again you had found that
treated employees earn £3,625 per month with a sample standard deviation of 750,
while employees in the control group earn £3,400 with a sample standard deviation
of £750. Could you have concluded that, as a result of the training, the employees
have significantly different earnings at the 5% level? Comparing your answer to your
answer in part (d), can you draw any general conclusions from this example? [10%)]
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(g) Formally show that the value of the actual t statistic is greatest when the two
groups in the trial (as described in parts (d) and (f)) are of equal size, given that
the average difference in earnings between the two groups is £225, and the sample
standard deviation of earnings is £750 in each group. (15%]
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(h) Another company proposes to introduce a similar on-the-job training programme
for its call centre employees. On the basis of the results above, how might you
predict the earnings of its employees will be affected by the programme? Discuss
any qualifications or caveats that you would attach to this prediction. (15%]
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5. Suppose that Y and X are generated according to the model
Y =B+ /X + X +u (3)
where E[u | X] = 0. Consider also the (population) linear regression model
Y=v%+mX+v (4)

where Ev = 0 and EXv = 0.

(a) Is it possible that E[v | X] = 0 also? Explain. (20%)
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(b) Two researchers, Alice and Bob, independently draw data from distinct populations,
and obtain the following OLS estimates of models (3) and (4): [20%]

Bo B B2 Yo N

Alice —0.01 499 —198 —186 4.1
(0.02) (0.02) (0.01) (0.08) (0.19)

Bob  0.03 500 —202 —0.08 1.00
(0.02) (0.03) (0.01) (0.21) (0.18)

How might you account for Alice and Bob’s findings? (In your answer, comment on
both the point estimates and the standard errors)
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(¢) Compute the marginal effect of X on Y when X = z, in each of models (3) and (4).

Show that these two effects agree when [20%)]
cov(X? X)
T = .
2 var(X)
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(d) For the purposes of estimating the relationship between Y and X, evaluate and
compare the practices of: [20%]
(i) estimating the linear model (4) and treating it as an ‘approximation’ to (3); and
(ii) estimating a fifth-order polynomial model, by regressing ¥ on X, X2 X3 X4

and X® (and a constant).
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You would like to estimate the parameters of (3), but are concerned by the possibility
that E[u | X] # 0. Suppose you have an ‘instrument’ Z that satisfies

X=m+mZ+c¢
with Z being independent of both ¢ and .

(e) Show that (£, 32) can be recovered from a population linear regression of ¥ on Z
and Z* (and a constant), and of X on Z (and a constant), under suitable conditions
on (m, 7). [Hint: start by evaluating E[Y | Z] and E[X | Z].] [20%]
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